Introduction {#Sec1}
============

The purpose of this paper is to discuss our recent results on the *Borel map* and the *Borel property* for locally integrable structures. If one thinks about an integrable structure as a system of (linear, first order) PDEs with the right number of basic solutions, it becomes an intriguing question to study the relationship between *formal solutions* (i.e. formal power series in the solutions of the structure) and *solutions*. The relationship between the two comes, of course, from associating to a smooth solution its formal Taylor series at a distinguished point (e.g. the origin) in the structure. The Taylor series of a solution can be written as a series in the elements of a set of basic first integrals $\documentclass[12pt]{minimal}
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                \begin{document}$$\{ Z_1, \dots , Z_m \}$$\end{document}$ defined near the origin; we refer to this map, defined by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathfrak {b}}:{\mathfrak {S}}_0 \rightarrow {{\mathbb {C}}}\llbracket Z_1, \dots , Z_m \rrbracket , \quad \mathfrak {b}(u) = \sum _{\alpha \in {\mathbb {N}}^m} u_\alpha Z^\alpha , \end{aligned}$$\end{document}$$where the $\documentclass[12pt]{minimal}
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                \begin{document}$$u_\alpha $$\end{document}$ are appropriate derivatives evaluated at 0 of *u*, as the *Borel map* (at the origin).

We have started the study of this map, in particular the natural question of when it is surjective (the *Borel property*), in a series of papers of the second author with Barostichi and Petronilho \[[@CR3]\] and of the first and the third author in the context of CR structures \[[@CR6]\]. In our current paper, we can give important insights into the nature of the geometric properties of the structure determining whether the Borel property holds or not, and we find relationships with interesting open questions in the analysis of locally integrable structures.

Before we begin with the discussion of our results, we refer the reader to Sect. [2](#Sec2){ref-type="sec"} for thorough definitions of locally integrable structures, the Borel map (which associates to any smooth solution its formal solution), and the Borel property (meaning that the Borel map is surjective). The Borel property can be used to understand, and, in some circumstances, bridge the gap between the local algebra of power series spaces and the analysis of properties of smooth solutions.

In Sect. [3](#Sec3){ref-type="sec"} we use functional analytic methods in order to characterize (abstractly) when the Borel property holds in Proposition [3.2](#FPar4){ref-type="sec"}: roughly stated, the Borel property holds if and only if the following is true: when one can uniformly control the action of a sequence of differential operators on the solutions of the structure by the $\documentclass[12pt]{minimal}
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                \begin{document}$$C^\ell $$\end{document}$-norm on some compact set, then the operators in the sequence need to be of bounded order. We use this fact to provide some conceptually simpler and, in view of later results, cleaner proofs of the fact that the existence of peak functions of finite type (or in the locally integrable case, the fact that property ($\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {B}$$\end{document}$) holds) is sufficient for the Borel property to hold, and for the fact that the existence of a flat solution is necessary for the Borel property to hold.

However, the results in our current paper show that geometric properties of this form are far too rough to understand the Borel map. We hope that this means that understanding the Borel map is more feasible than understanding whether e.g. a peak function exists (which is a very hard undertaking, see e.g. the survey by Noell \[[@CR11]\]), as it turns out that the Borel map is a very subtle instrument which feels a lot of the intrinsic geometry of the integrable structure. In particular, the present results give hope (and lead to some actual conjectures) that one can reach a satisfactory geometric characterization of the Borel property, and show that its application to e.g. the structure of ideals of solutions gives important insights into the behaviour of solutions.

There are also structural aspects of the Borel map which make its study very appealing: We encounter one such aspect when we study *partial Borel maps* in Sect. [4](#Sec4){ref-type="sec"}. Partial Borel maps are defined as restrictions of the Borel map to solutions which are flat in a number of the basic solutions, giving rise to formal series only depending on the other basic solutions. It turns out (Theorem [4.1](#FPar5){ref-type="sec"}) that the Borel map is surjective if and only if the partial Borel maps associated to a choice of a set of basic solutions and to its complementary set are both surjective.

Our main new necessary condition (Theorem [6.1](#FPar14){ref-type="sec"}) for the surjectivity of the Borel map is that the polynomial hull of *Z*(*K*), where $\documentclass[12pt]{minimal}
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                \begin{document}$$Z = (Z_1, \dots , Z_m)$$\end{document}$ is the embedding of the structure into $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbb {C}}}^m$$\end{document}$ by means of a set of basic solutions, does not contain any analytic discs. It is tempting to conjecture (especially when considering the proof of that statement) that this condition is not only necessary but also sufficient.

Hence one of the remaining objectives of the paper is a discussion of the possible gap between the necessity of the condition and the stronger conditions known to be sufficient. A particular case in question is an application of the result on partial Borel maps to structures whose characteristic set is of maximal dimension; in that case, we see that the Borel map is surjective if none of the solutions of the structure is open (Theorem [7.3](#FPar21){ref-type="sec"}).

This result highlights yet another interesting problem to which the Borel property has a curious connection, namely the question whether there is a solution (with nontrivial differential in a noncharacteristic direction) which is actually open; it also, therefore connects with the question of whether a maximum principle is valid for solutions of the given structure. We shall, however, in this paper not follow these lines of inquiry further.

Instead, we have decided to focus on the study of what we think is the main geometric question left over in our approach here in a special model case of tube structures. We obtain a rather complete picture in that case, which is discussed in Sect. [8](#Sec8){ref-type="sec"}. We show in Theorem [8.1](#FPar23){ref-type="sec"} that if neither the known condition for surjectivity (property $\documentclass[12pt]{minimal}
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                \begin{document}$$(\mathfrak {B})$$\end{document}$), nor the condition for failure of surjectivity (open mapping property) hold, that we can reduce the problem to studying sets which are in some sense "characteristic" for property $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {B}$$\end{document}$. and it is in many cases the geometry of these sets which allows us to determine whether the Borel map is onto or not (Theorems [8.2](#FPar25){ref-type="sec"} and [8.3](#FPar27){ref-type="sec"}).

In the last two sections of the paper, Sects. [9](#Sec9){ref-type="sec"} and [10](#Sec10){ref-type="sec"}, we study two particular algebraic aspects of the ring of solutions: we first show that its maximal ideal is finitely generated by a set of basic solutions if property $\documentclass[12pt]{minimal}
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                \begin{document}$$(\mathfrak {B})$$\end{document}$ holds (Theorem [9.1](#FPar46){ref-type="sec"}). There are also other situations in which we can guarantee this basic property, but we would definitely like to know whether the maximal ideal in the ring of solutions is always generated by a set of basic solutions (or not). In the other extreme, we also show that principal manifold ideals automatically (without further assumptions on the structure) satisfy the Nullstellensatz (Lemma [10.1](#FPar52){ref-type="sec"}).

We would like to note that the current paper leaves open a number of fascinating problems concerning the behaviour of the Borel map and the relation between the algebra of formal solutions and the algebra of solutions; we discuss a number of them in section [11](#Sec11){ref-type="sec"}.

The Borel property in locally integrable structures {#Sec2}
===================================================
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                \begin{document}$$\varOmega $$\end{document}$ be a smooth (paracompact) manifold of dimension *N* over which we assume given a locally integrable structure $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbb {C}}}{\mathrm {T}}\varOmega $$\end{document}$ of rank *n* whose orthogonal bundle $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {V}}^\perp \subset {{\mathbb {C}}}{\mathrm {T}}^*\varOmega $$\end{document}$ is locally spanned by the differentials of $\documentclass[12pt]{minimal}
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                \begin{document}$$m=N-n$$\end{document}$ smooth functions.
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                \begin{document}$$p\in \varOmega $$\end{document}$ we set$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathfrak {S}}_p \doteq \{f\in C^\infty _p:\, {\mathrm {L}}f=0, \,\, \forall \hbox { sections } {\mathrm {L}}\hbox { of } {\mathcal {V}}\hbox { near } p\}, \end{aligned}$$\end{document}$$where we are denoting by $\documentclass[12pt]{minimal}
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                \begin{document}$$C^\infty _p$$\end{document}$ the ring of germs of smooth functions at *p*. It is clear that $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {S}}_p$$\end{document}$ is also a ring.
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                \begin{document}$$f\in C^\infty _p$$\end{document}$ for which there is a constant $\documentclass[12pt]{minimal}
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                \begin{document}$$C>0$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|f(q)|\le Cd(q,p)^{k+1}$$\end{document}$ for *q* in a neighborhood of *p*.[1](#Fn1){ref-type="fn"} It is also clear that $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {S}}_p$$\end{document}$. We can then form the quotient ring $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {J}}({\mathcal {V}})^k_p \doteq {\mathfrak {S}}_p/({\mathfrak {m}}_p^k\cap {\mathfrak {S}}_p)$$\end{document}$, which is called the *ring ofk*-*jets of solutions atp*. We have well defined homomorphisms $\documentclass[12pt]{minimal}
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                \begin{document}$$\iota _k:{\mathcal {J}}({\mathcal {V}})^k_p\rightarrow {\mathcal {J}}({\mathcal {V}})^{k-1}_p$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ge 1$$\end{document}$, induced by the inclusions $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {m}}_p^{k}\subset {\mathfrak {m}}_p^{k-1} $$\end{document}$. Furthermore $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {S}}_p\rightarrow {\mathcal {J}}({\mathcal {V}})_p^k$$\end{document}$. We can form the projective limit$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathcal {J}}({\mathcal {V}})^\infty _p\doteq \lim _{\leftarrow } {\mathcal {J}}({\mathcal {V}})^k_p \end{aligned}$$\end{document}$$which is then called the ring of *formal solutions for*$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {J}}({\mathcal {V}})^\infty _p$$\end{document}$ is the set of all sequences $\documentclass[12pt]{minimal}
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Definition 2.1 {#FPar1}
--------------

We shall refer to the ring homomorphism $\documentclass[12pt]{minimal}
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Over *U* we can define smooth vector fields$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathrm {M}}_k=\sum _{k'=1}^m\mu _{kk'}(x,t)\frac{\partial }{\partial x_{k'}}, \quad k=1,\dots ,m \end{aligned}$$\end{document}$$characterized by the rule$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathrm {M}}_kZ_{k'}=\delta _{k,k'}\,, \quad k,k'=1,\ldots , m. \end{aligned}$$\end{document}$$It follows that the complex vector fields$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathrm {L}}_j=\frac{\partial }{\partial t_j}-i\sum _{k=1}^m\frac{\partial \varPhi _k}{\partial t_j}(x,t){\mathrm {M}}_k, \quad j=1,\dots ,n, \end{aligned}$$\end{document}$$span $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {V}}|_U$$\end{document}$. Moreover, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {L}}_1,\ldots ,{\mathrm {L}}_n,{\mathrm {M}}_1,\ldots ,{\mathrm {M}}_m$$\end{document}$ span $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathbb {C}}}{\mathrm {T}}\varOmega |_U$$\end{document}$.

The following relations are easily checked, for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j,j'=1,\ldots , n$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k,k'=1,\ldots ,m$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hbox {d}Z_k({\mathrm {L}}_j)=0,\,\, \hbox {d}Z_k({\mathrm {M}}_{k'})=\delta _{kk'},\,\,\, \hbox {d}t_j({\mathrm {L}}_{j'})=\delta _{jj'},\,\,\, \hbox {d}t_j({\mathrm {M}}_k)=0, \end{aligned}$$\end{document}$$from which we conclude that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm {L}}_1,\ldots ,{\mathrm {L}}_n,{\mathrm {M}}_1,\ldots ,{\mathrm {M}}_m$$\end{document}$ are pairwise commuting.

Set, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W\subset U$$\end{document}$ open,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathfrak {S}}(W)\doteq \{ u\in C^\infty (W): {\mathrm {L}}_ju=0, \quad j=1,\ldots ,n\}; \end{aligned}$$\end{document}$$it follows, according to the previously established, that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathfrak {S}}_0 = \lim _{W\rightarrow \{0\}} {\mathfrak {S}}(W). \end{aligned}$$\end{document}$$We are now ready to give a concrete representation of the Borel map for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {V}}$$\end{document}$ at the origin using this basic set of generators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{Z_1,\ldots ,Z_m\}$$\end{document}$. Firstly we observe that if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u\in {\mathfrak {S}}_0$$\end{document}$ then all derivatives up to order *k* of the solution$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} v_k \doteq u - \sum _{|\alpha |\le k} \frac{{\mathrm {M}}^\alpha u(0)}{\alpha !} Z(x,t)^\alpha \end{aligned}$$\end{document}$$vanish at the origin; this can be easily seen for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({\mathrm {M}}^\beta {\mathrm {L}}^\gamma v_k)(0)=0$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta \in {\mathbb {Z}}^m_+$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma \in {\mathbb {Z}}^n_+$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\beta |+|\gamma |\le k$$\end{document}$. In particular $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_k\in {\mathfrak {m}}_0^k \cap {\mathfrak {S}}_0$$\end{document}$ and hence the class of *u* in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {J}}({\mathcal {V}})^k_0$$\end{document}$ equals that of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u-v_k$$\end{document}$, which gives rise to an isomorphism$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \eta _k:{\mathcal {J}}_0^k({\mathcal {V}})_0 \longrightarrow {{\mathbb {C}}}_{k}[Z_1,\ldots , Z_m] \end{aligned}$$\end{document}$$where the latter denotes the vector space of all polynomials in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Z_1,\ldots ,Z_m$$\end{document}$ of order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\le k$$\end{document}$. Furthermore, for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ge 1$$\end{document}$ we have commutative diagrams where the vertical arrows at the right stand for the natural projections. If we recall that the ring of formal power series $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathbb {C}}}\llbracket Z_1,\ldots ,Z_m \rrbracket $$\end{document}$ equals the projective limit $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim _{\leftarrow }{{\mathbb {C}}}_{k}[Z_1,\ldots , Z_m] $$\end{document}$ we finally obtain an isomorphism$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \eta : {\mathcal {J}}_0^\infty \longrightarrow {{\mathbb {C}}}\llbracket Z_1,\ldots , Z_m \rrbracket . \end{aligned}$$\end{document}$$For the representation of the Borel map for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {V}}$$\end{document}$ at the origin in terms of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{Z_1,\ldots ,Z_m\}$$\end{document}$ we must just observe that the map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {b}}: {\mathfrak {S}}_0 \longrightarrow {{\mathbb {C}}}\llbracket Z_1,\dots ,Z_m \rrbracket $$\end{document}$ given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathfrak {b}}(u) = \sum _{\alpha \in {\mathbb {Z}}^m}\frac{({\mathrm {M}}^\alpha u)(0)}{\alpha !}Z(x,t)^\alpha \end{aligned}$$\end{document}$$makes the diagram commutative. In particular we conclude that the Borel property for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {V}}$$\end{document}$ holds at the origin if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {b}}$$\end{document}$ is surjective. Moreover the image of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {b}}_{0,{\mathcal {V}}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {b}}$$\end{document}$ are isomorphic.

General properties of the Borel map {#Sec3}
===================================
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-----
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The partial Borel maps {#Sec4}
======================

**A.** We keep the notation established in the previous section and start with a digression regarding the theory of tensor products in the category of Fréchet spaces.
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                \begin{document}$$\alpha \not \subset \{p+1,\ldots ,n\}$$\end{document}$). We then obtain homomorphisms induced by $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\begin{aligned} {\mathfrak {b}}_1 :{\mathfrak {S}}^{(1)}_0\rightarrow {{\mathbb {C}}}\llbracket Z_1,\ldots ,Z_p \rrbracket , \,\,{\mathfrak {b}}_2 :{\mathfrak {S}}_0^{(2)} \rightarrow {{\mathbb {C}}}\llbracket Z_{p+1},\ldots ,Z_m \rrbracket . \end{aligned}$$\end{document}$$We shall refer to the maps $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$${\mathfrak {b}}_\ell $$\end{document}$ as the *partial Borel maps* for $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$${\mathcal {V}}$$\end{document}$ at the origin with the respect to the decomposition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{1,\ldots ,m\}=\{1,\ldots ,p\}\cup \{p+1,\ldots ,m\}$$\end{document}$.

Theorem 4.1 {#FPar5}
-----------

The Borel map $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {b}}$$\end{document}$ is surjective if and only if each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$${\mathfrak {b}}_\ell $$\end{document}$ is surjective, $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$\ell =1,2$$\end{document}$.

Proof {#FPar6}
-----
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                \begin{document}$${\mathfrak {b}}$$\end{document}$ is surjective and if $\documentclass[12pt]{minimal}
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                \begin{document}$$S\in {{\mathbb {C}}}\llbracket Z_1,\ldots ,Z_p \rrbracket \subset {{\mathbb {C}}}\llbracket Z_1,\ldots ,Z_m \rrbracket $$\end{document}$ then there is $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {b}}(u)=S$$\end{document}$. But a fortiori $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {b}}_1(u)={\mathfrak {b}}(u)=S$$\end{document}$, which shows that $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {b}}_1$$\end{document}$ is surjective. An analogous argument shows the surjectivity of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {b}}_2$$\end{document}$.

We show the converse. Firstly we remark that if *V* is an open neighborhood of the origin and if we denote by $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=1,2$$\end{document}$, the space of all $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u\in {\mathfrak {S}}(V)$$\end{document}$ such that the germ of *u* at the origin belongs the $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {S}}^{(\ell )}(V)$$\end{document}$ is a closed subspace of $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$${\mathfrak {S}}(V)$$\end{document}$ and hence also a Fréchet space.

By a Baire category argument (cf. Lemma 3.2 in \[[@CR3]\]) there is an open neighborhood *V* of the origin such that both induced maps$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathfrak {b}}_{1,V}:{\mathfrak {S}}^{(1)}(V) \rightarrow {{\mathbb {C}}}\llbracket Z_1,\ldots ,Z_p \rrbracket , \,\,\, {\mathfrak {b}}_{2,V}:{\mathfrak {S}}^{(2)}(V) \rightarrow {{\mathbb {C}}}\llbracket Z_{p+1},\ldots ,Z_m \rrbracket \end{aligned}$$\end{document}$$are surjections between Fréchet spaces. From \[[@CR14]\], Theorem 6.6, p. 65, it follows that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathfrak {b}}_{1,V}{\widehat{\otimes }} {\mathfrak {b}}_{2,V}: {\mathfrak {S}}^{(1)}(V) \otimes _\pi {\mathfrak {S}}^{(2)}(V)\longrightarrow {{\mathbb {C}}}\llbracket Z_1,\ldots ,Z_p \rrbracket {\widehat{\otimes }}_\pi {{\mathbb {C}}}\llbracket Z_{p+1},\ldots ,Z_m \rrbracket \end{aligned}$$\end{document}$$is a surjection between Fréchet spaces.

Thus by \[[@CR14]\], Theorem 6.5, p. 63, given *S* as in ([4.1](#Equ3){ref-type=""}) there are $\documentclass[12pt]{minimal}
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                \begin{document}$$C^\infty (V\times V)$$\end{document}$ and such that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} S = \sum _{j=1}^\infty {\mathfrak {b}}_1(u_j){\mathfrak {b}}_2(v_j). \end{aligned}$$\end{document}$$Now since each $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {b}}_j$$\end{document}$ is defined as the restriction of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} S = \sum _{j=1}^\infty {\mathfrak {b}}(u_j){\mathfrak {b}}(v_j)= \sum _{j=1}^\infty {\mathfrak {b}}(u_jv_j), \end{aligned}$$\end{document}$$since $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {b}}$$\end{document}$ is an algebra homomorphism. But then if we set $\documentclass[12pt]{minimal}
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                \begin{document}$$u(x,t){\doteq } \sum _{j=1}^\infty u_j(x,t)v_j(x,t)$$\end{document}$ then $\documentclass[12pt]{minimal}
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                \begin{document}$$u\in {\mathfrak {S}}(V)$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {b}}(u)=S$$\end{document}$, which completes the proof.

Still keeping the notation previously established we consider the locally integrable structure $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {V}}_1$$\end{document}$ over *U* defined as $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathrm {L}}_j u=0, \,\, {\mathrm {M}}_k u=0,\quad j=1,\ldots ,n, \,\, k=p+1,\ldots , n. \end{aligned}$$\end{document}$$In particular $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \not \subset \{1,\ldots ,p\}$$\end{document}$ and consequently the following statement is immediate:

Proposition 4.1 {#FPar7}
---------------

If the Borel map for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$${\mathcal {V}}_1$$\end{document}$ at the origin is surjective then the same is true for the partial Borel map $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {b}}_1$$\end{document}$.

Partial hypocomplexity {#Sec5}
======================

In this section we continue to write $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {V}}$$\end{document}$ all concepts below are independent of a particular choice of such map.

**A.** In the first paragraph of this section we recall the concept of hypocomplexity and some results presented in \[[@CR12]\]. Denote by $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {O}}^{(m)}$$\end{document}$ the sheaf of germs of holomorphic functions at the origin in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {V}}$$\end{document}$ is *hypocomplex at the origin* if every germ of (weak) solution *u* for $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {V}}$$\end{document}$ defined near the origin we have, for some constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$ |{\mathrm {M}}^\alpha u(0)|\le C^{|\alpha |+1}\alpha !, \,\, \alpha \in {{\mathbb {Z}}}^m_+, $$\end{document}$ and consequently hypocomplexity at the origin implies the non surjectivity of the Borel map.

The following theorem gives a complete characterization of hypocomplexity in terms of the compact neighborhoods of the origin in *U*. If we recall that for a compact set $\documentclass[12pt]{minimal}
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                \begin{document}$$z\in {{\mathbb {C}}}^m$$\end{document}$ having the following property: *every algebraic hypersurface throughzintersectsP*, we can state Theorem III.5.1 in \[[@CR12]\] in the following form:

Theorem 5.1 {#FPar8}
-----------

The following properties are equivalent:$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {V}}$$\end{document}$ is hypocomplex at the origin;For every compact neighborhood $\documentclass[12pt]{minimal}
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As a consequence we obtain:

Corollary 5.1 {#FPar9}
-------------

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {V}}$$\end{document}$ is hypocomplex at the origin then any non constant solution near the origin is open at the origin.

For a proof see (\[[@CR12]\], Corollary III.5.2).

Corollary 5.2 {#FPar10}
-------------
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Proof {#FPar11}
-----

The rational hull of any compact set in $\documentclass[12pt]{minimal}
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Taking into account Corollary [5.1](#FPar9){ref-type="sec"}, and for further reference, we conclude this section introducing a weakened version of hypocomplexity:

Definition 5.1 {#FPar12}
--------------
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                \begin{document}$$\hbox {d}W|_0 \in {\mathrm {T}}^{\mathrm {o}}_0\setminus 0$$\end{document}$, such that *W* is open at the origin.

Remark 5.1 {#FPar13}
----------

Write the coordinates in $\documentclass[12pt]{minimal}
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A necessary condition for the surjectivity of the Borel map {#Sec6}
===========================================================

In the preceding section we have seen that when $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathbb {C}}}^m$$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K\subset U$$\end{document}$ a compact neighborhood of the origin) the Borel map is not surjective. We now prove a much stronger statement:

Theorem 6.1 {#FPar14}
-----------
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                \begin{document}$${\mathcal {V}}$$\end{document}$ at the origin is not surjective.

Proof {#FPar15}
-----
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Remark 6.1 {#FPar16}
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Remark 6.2 {#FPar17}
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Remark 6.3 {#FPar18}
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Sufficient conditions for the surjectivity of the Borel map {#Sec7}
===========================================================

In this section we recall two conditions which imply the surjectivity of the Borel map.
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The following theorem is the main result in \[[@CR6]\] :

Theorem 7.1 {#FPar19}
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Theorem 7.3 {#FPar21}
-----------
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Proof {#FPar22}
-----
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A class of tubular structures {#Sec8}
=============================
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-----
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Theorem 8.3 {#FPar27}
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Remark 8.1 {#FPar28}
----------

In each one of the cases where the Borel map is not surjective, the necessary condition established in Theorem [6.1](#FPar14){ref-type="sec"} is not satisfied (indeed, we prove the non-surjectivity precisely by applying Theorem [6.1](#FPar14){ref-type="sec"}).

We will first concentrate on the second statement.
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Proposition 8.1 {#FPar29}
---------------
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To achieve the proof of the Proposition, we modify the construction in \[[@CR6]\], and sometimes refer to lemmas in there without further mention. First, we need to prove an estimate which will be useful later:

Lemma 8.1 {#FPar30}
---------
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Proof {#FPar31}
-----
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Lemma 8.2 {#FPar32}
---------

For all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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Proof {#FPar33}
-----
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The next statement is an immediate consequence of the chain rule.

Lemma 8.3 {#FPar34}
---------
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                \begin{document}$$\begin{aligned} \frac{\partial ^k \varphi _j}{\partial z_3^k}=\varphi _jP_k\left( \frac{\partial \xi _j}{\partial z_3}, \frac{\partial ^2 \xi _j}{\partial z_3^2},\ldots ,\frac{\partial ^k \xi _j}{\partial z_3^k}\right) \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
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                \begin{document}$$X_j$$\end{document}$ has weight *j*).
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                \begin{document}$$|\varphi _j(p)|$$\end{document}$, resulting in the following statement:

Lemma 8.4 {#FPar35}
---------
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                \begin{document}$$\begin{aligned} \left| \frac{\partial ^k \varphi _j}{\partial z_3^k}(p) \right| \le N_k j^{3k_0k}\frac{1}{(1+\root k_0 \of {|z_3|})^j} \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$j\in {\mathbb {N}}$$\end{document}$.

Proof {#FPar36}
-----

In the following we always consider $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\partial ^h \xi _j}{\partial z_3^h}=\xi _j\sum _{a=1}^h \beta _{a,j}\frac{\ell ^a}{z_3^{a\ell y_j + h}} \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta _{a,j}$$\end{document}$ is bounded in *j* for all $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$1\le a\le h$$\end{document}$. Thus we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left| \frac{\partial ^h \xi _j}{\partial z_3^h} \right| \le |\xi _j| \sum _{a=1}^h |\beta _{a,j}| \frac{\ell ^a}{|z_3|^{a\ell y_j + h}}\le C_h \ell ^h |\xi _j| \frac{1}{|z_3|^{h\ell y_j + h}} \end{aligned}$$\end{document}$$for some constant $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left| \frac{\partial ^h \xi _j}{\partial z_3^h} \right| \le C_h\ell ^h\frac{1}{|z_3|^{h\ell y_j + h}} e^{-{\mathrm Re}\,\frac{\lambda (y_j)}{z_3^{\ell y_j}}} e^{B(y_j)}\\ \le C_h\ell ^h\frac{1}{|z_3|^{h\ell y_j + h}} e^{-\frac{\lambda (y_j)\cos (\pi \ell y_j)}{|z_3|^{\ell y_j}}} e^{B(y_j)}. \end{aligned}$$\end{document}$$Define the function $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \kappa '(r)=\left( -\frac{h\ell y_j + h}{r^{h\ell y_j+h+1}}+\frac{\ell y_j \lambda (y_j)\cos (\pi \ell y_j)}{r^{(h+1)\ell y_j + h+1}}\right) e^{-\frac{\lambda (y_j)\cos (\pi \ell y_j)}{r^{\ell y_j}}} \end{aligned}$$\end{document}$$we see that it vanishes only at$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (y_j\lambda (y_j))^{1/\ell {y_j}}= & {} \left( \frac{y_j\sin (y_j)^{y_j}}{\sin (y_j)}\right) ^{1/\ell y_j}=\left( \frac{y_j}{\sin (y_j)}\right) ^{1/\ell y_j}\sin (y_j)^{1/\ell } \\= & {} \left( \frac{1}{(1-y_j^2/6+O(y_j^4))^{1/y_j}}\sin (y_j) \right) ^{1/\ell } \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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By using the methods above, we can deduce directly the following (apparently more general) consequence:
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Proof {#FPar45}
-----
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We start by proving:
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Principal manifold ideals {#Sec10}
=========================

We continue to work under the notation established in the last section. Let $\documentclass[12pt]{minimal}
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Proof {#FPar53}
-----

The first claim is an immediate consequence of ([10.1](#Equ11){ref-type=""}) whereas the second follows from the arguments in (\[[@CR4]\], Theorem I.10.1) as done in (\[[@CR3]\], Section 4).

We shall now restrict our attention *principal maximal ideals*, that is the ones generated by a single element $\documentclass[12pt]{minimal}
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Theorem 10.1 {#FPar54}
------------
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Lemma 10.2 {#FPar55}
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Proof {#FPar56}
-----
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Proof of Theorem 10.1 {#FPar57}
---------------------

We can assume that we are in the situation described in Section 1B in such a way $\documentclass[12pt]{minimal}
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Example 1 {#FPar58}
---------

If the assumption that *I* is a manifold ideal is not satisfied, the conclusion of Theorem [10.1](#FPar54){ref-type="sec"} can fail to hold. For instance, let $\documentclass[12pt]{minimal}
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Example 2 {#FPar59}
---------

On the other hand, consider the structure $\documentclass[12pt]{minimal}
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Some open questions {#Sec11}
===================

A certain number of questions arise, in our opinion, naturally from the results presented in the previous sections. Despite the quite elementary nature of some of them (the topic of the algebraic properties of the ring $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {S}}_p$$\end{document}$ appears to be to some extent unexplored) their treatment seems to lead to delicate analytic issues. The following is an (incomplete) list of the problems which are for us most natural and interesting:

Question 1 {#FPar60}
----------

Is the necessary condition found in Theorem [6.1](#FPar14){ref-type="sec"} also sufficient for the surjectivity of the Borel map?

We conjecture that this should be the case, at least when the structure $\documentclass[12pt]{minimal}
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Question 2 {#FPar61}
----------

Does the conclusion of Theorem [10.1](#FPar54){ref-type="sec"} hold for a non principal manifold ideal?

The method used in the proof of Theorem [10.1](#FPar54){ref-type="sec"} does not extend easily to ideals generated by more than one solution.

Question 3 {#FPar62}
----------

Is there an example in which the maximal ideal $\documentclass[12pt]{minimal}
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The results in Sect. [9](#Sec9){ref-type="sec"} show that this property in various situations, far apart from each other. The knowledge of the behavior of the Borel map seems to be important in most of the proofs, with the exception of the argument in Sect. [9](#Sec9){ref-type="sec"}C.

Question 4 {#FPar63}
----------

For what values of *p* and *q* does the structure in Theorem [8.3](#FPar27){ref-type="sec"} satisfy the Borel property?

We expect that the Borel property should hold precisely when *p* and *q* have different parity.

Question 5 {#FPar64}
----------
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                \begin{document}$${\mathfrak {b}}$$\end{document}$ always a suitable quotient of a ring of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({{\mathbb {C}}}\{Z_1,\ldots ,Z_p\})\llbracket Z_{p+1},\ldots ,Z_m\rrbracket $$\end{document}$?

In other words, in the cases settled so far the image of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {b}}$$\end{document}$ consists of formal series in a subset of variables whose coefficients are holomorphic functions in the other variables (more precisely, these coefficients must have a common radius of convergence).

Question 6 {#FPar65}
----------

Suppose that two integrable structures $\documentclass[12pt]{minimal}
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                \begin{document}$$M_2$$\end{document}$ are locally CR diffeomorphic)?

It is clear that the answer to the previous question is negative if $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {V}}_1,{\mathcal {V}}_2$$\end{document}$ are hypocomplex, since both rings of solutions will always be isomorphic to the ring of convergent power series in *n* variables: if, however, there are enough solutions, one might hope that the ring $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {S}}_0$$\end{document}$ contains enough information.

Here *d* is any distance function defined near *p* by using local coordinates. It is easily seen that the definition of the ideals $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {m}}^k_p$$\end{document}$ is invariant.
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